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Green's J relation

In a semigroup S

7 y E T S'xS S'ys

The J classes of S are of the form

Jx X'ES X1 X E T

Some semigroups have J classes that form
a chain Jx Jy S'xs S'ys




































































Semigroups with chain like J classes

Transformation Semigroups

Tn all functions from n into Tn

In all partial bijection on n

eg β 133,1558 Is

PTn all partial transformations on n

eg α E PT

For S E Tn In.TT αJβ rank α rankβ

The T classes of S are of the form
Ji α E S rank α i

The T classes of S form a chain
J C Jn EE 0,13




































































Diagram monoids

Partition monoid Pn all partitions of fi in U ii n
e g

a if
is

EPs

3,5 3 is a transversal blo
s

multiplication
g y p

112 non transversal
block

2,3 transversalT i I's block

rank transversal

blocks

1 2 3 4 5

The J classes of Pn form a chain Joc c Jn
where Ji a EPn rank a i




































































Brauer monoid Bn all partitions whose blocks have
size 2

eg
a B

415 upper
non transversa

s 21,43 lower
rank a 3 non transversal

Note The parity of the number of transversal
blocks in elements of Bn is the same

as the parity of n

For odd n the J classes of Bn are J Js a cJn
For even n the J classes of Bn are Jo J C CJ
TemperleyLiebmonoid Then

e g 5

1 I Tls

i 3 I







































































































































Semigroup presentations

GAIRE a presentation for the semigroup

alphabet 5 if S At R

where R is the smallest congruence on At

that contains R




































































Semigroup presentation for Sn

Proposition Moore 1897

The presentation

a b ad b ba lab ab

abniably 1 2 jan 27
defines Sn in terms of generators a 12

and b 1 2 n

















Presentation for Tn

Proposition Atzenstat 1958

suppose that Caib RS is a semigroup presentation

for Sn where a represents 12 b represents

11 2 n let t represent the transformation

T.li 3 51ETn
Then the presentation

Laib t 1 R at b ab tbh a b babhtabtbhtaba.br
babu j t baby tb abt brab

Itbab ab bab data
defines Tn




































































Aizenstat's presentation for Tom
So To

55 15 151a

i
Hijab

b
Fios

Habastab
t 12 3 456

1 1 3 45 6

Relations in Aizenstat's i I
presentation are

R at in t

Ibn abt in tbh tab I 115

Itbab ab bab data

1h




































































Presentation for Tn Sn
Proposition East 2013
Definemaps dig lieigen by xaij if n

Billsien l by

a I if oicieiemlbyxoi.fi ofIIiiiDefine an albabet AUBUS where

A Aig leic n B bill is h 13 S silleien 23

The semigroup TnlSn has
presentation Y Q

soooodsmanmaybe




































































East's presentation for Is TolSo 9 xg

AnzAig Aid is a relation
153934

in A1 where aiz represents

Itan i
S S S Ss is a relation

in S3 where 5 represents

c6 and so i i

represents G 1
53934 956934 is a relation in SAG
where Asa represents a I in

aso represents 250 1 I 1111

















Presentation for In

Proposition Meakin 1993

Let Samir an it Rs be a semigroup presentation

for Sn where ai represents the transposition α li itt

for i b n t let t represent the partial bijection

T.li E 1EIn
Then the presentation

all any t R that tan it tan itan i an itan.it

Tai ait tsien 2

defines In




































































JoMeakin's presentation for Ib

For leis 5 ai represents fast ii Iii
1 6

di i ith represents i
1 15

I

The relations in the presentation are Js
i i 120201

R t

tast astast

tai ait leien 2 i I
1 is

J

i




































































Presentation for In Sn

Proposition East 2006

For leien define hi by Xii if
f an

and pi by

Pi if a

For lejen 2

define Siby est
if

Define and alphabet LUSUR where

the elements in L S R are in one one

correspondence with Ri's Si's Pi's
respectielyThen Inl Su haspresentation

LUSUR L1L2 R1R2 RLI RL
5154 521 5147 RSI 125477




































































East's presentation for Is Io So 54 4

45118
Sana nots is a relation in 15h31 where at

gIii X

Iiiii
Js

pass SapaPn is a relation in RSI where i i I 12020
a i 3
s 1

i I
11 151

D P4 Paps is a relation in R1

Ji

i I




































































Some other presentations for the transformation

semigroups and the singular part

0 Ganyushkin V Mazorihuk Classical Finite Transformation

Semigroups 12008 presentation for PT

J East Defining relations for idempotent generators in

finite partial transformation semigroups 2013 PTul Sn

J D Mitchell M T Whyte short presentations for transformatio
monoids 2024 short presentations for In Tn PTn

J East A symmetrical presentation for the singular part
of the symmetric inverse monoid 2015 In Sn

Question How about a general ideal Ik of Tn In.PT




































































Relational depth
Consider a finite semigroup S whose J classes form
a chain let D A I R s be a presentation for S
Let WE At and in USER
depth T is the minimal length d of a maximal

chain of J classes J J Ja cm Td in S
depth 151 depth Js

depth W is the depth of the element it represents ins
depth lu ul depthful depth ul

depth P1 is the maximaldepth of a defining relation in P
The relational depth of S is

depth S min death p P is a presentation for s




































































Aizen stat's presentation for To
My

So To
H

55 15 151

Relations in Aizenstat's
presentation are in the b

Itostop 3 J classes so

has depth 3 and Hababtab

depth Tn 3

i i

i I

1




































































































Example Relational death of Tg and its ideals

the maximal minimum rank
relational depth of the definingrelations

I I I

Iz 2 1

Is 3 1

14 4 1

Is 5 1

16 4 3

I 3 5

Is 2 7

79 3 7






















































































Presentation for Bn

Proposition Kudryavtseva Mazorchuk 2006

For kien l let si denote the elementiary transposition i it esa

and let Ti denote the element iritis Usi itis'su ij

si si.in ii iX es

I 2 it il iti n

iii it.it
Ti iritis U ii iti u fit's E Jan2II t.F.tn



















Presentation for Bn

Proposition Kudryavtseva Mazorchuk 2006

For kien l let si denote the elementiary transposition i it esa

and let Ti denote the element iritis Usi itis u i j

Then the presentation

e Si Ti l it hm n t si e Sis Sisi lij it sissi Sjsis
Ii51 1 Ti Ti Titty TjTi ti51 1 i Titjti Ti
Ir51 17 Tisi Sitti Ti This Sti light
SiTjTi S Ti TiTjSi Ii Sj li j 1

defines Bn




































































Presentation for Bt
5350

1 ftp.t so 57
X

jp sst Ts
i taxan

Tatlot

355 5573 F J
i

gi i 1105 105

X
i2 s 4 r i 7

D Ta To Totta EJ3 J
1105105

F
initii


















Presentation for Bn Sn

Proposition Maltsev Mazorchuk 2006

For i j e um n and it define Onj ij it j kik k ij

Oni jj I I Jma

I


















Presentation for Bn Sn

Proposition Maltsev Mazorchuk 2006

For i j e um n and it define Onj ij it j kik k ij
Then the presentation

Gini itje hash Gig Oji Gt Giji
OigGinaOkie GigOne Or.li
GrigOinkOjik bigOjik's Oij0inGig Giji
GigOkieGirls
OrjOj.eOirkioiijOkieOknt iijliij.k l pairwisedifferent

defines BnlSn




































































Presentation for Btl S Is

02,303.4 021302.403.4 E Jf

at 0302149
0ns I t Is
on I iii at Kxan

if.lit.it iii t.it Ii i 1105 105

02.305.6Gas 021303.6Oas E Jz 02.305.602g j
at

on I i
Jiono I I t if it i I
homos

an it it.tittiit.i it

























Relational depth of Bn and ideals

Theorem

let n 24 Let 1291 For m E Eta mn

let Im be the ideal of all partitions in Bn of rank
at most m Then

3 min

I 1 recmandepth Im

mgt aments




































































Presentation for 371St Is

62.30214

iThe presentation for B7 57 Is Fin
given by Malter and Mazorchuk has

depth 2 In fact Ii i 1105 105

If n 7
02.305.602.5T

depth 15 51 34 1 2

Ji
1105105




































































Example Relational depth of B 3 and its ideals

the maximal minimum rank
relational depth of the definingrelations

I 1 1

13 2 1

Is 3 1

It 4 1

19 3 5

71 2 9

Bis 3 9




































































Idea of the proof

Find a lower bound

Show that certain depth is not enough

to Find an upper bound

Need to be able to deduce some important relations

a Xp X Xs

Ex

qsII i sitterβ

ii t.it i is
iii it




































































Idea of the proof
Need to be able to deduce some important relations

a Xp Xr Xg

Ex

II in in
ii t.it it

iii
XxXp Xx Xx XpXp 91 a β β E Js
Use relations of partitions of higher ranks to

I xr.xr.xs.is 787s



Other interesting semigroups

the semigroup of order preserving maps VI

diagram monoids Partition monoid
1 21

Partial Braner monoid Temperley Lieb monoid

li
semigroup of nxn matrices



Thank you


