Relational depth  §
applications -to trmnsﬁrm'ba‘o.n

aln‘ag fom  Semigroups
Yoyi  Zhu

\fOf k Sewﬁq‘mwp SevmYnpd

Joint wovk with  Nik Ru¥Euc

Uhivenn(-y of St Avolreag

4 )3 128

and



Green's 7‘ (eloTion

Zrdwa Semlﬂrol/:ls 5

Coyyes e Saddi- S st

s el FJ‘CMJS@J ()]‘\ Setepite 010 the ‘lco[w,

- Beniias Seel TRt

Z Some Sew\'.ﬁ«oMPS hove fj— clm&jeg that 100(m

& chon ( S j-\j = S e S'gS').



Sam}@wom[x with  chotm- (Tee J-classes

> Tromsformation JSe migrovps

} T"‘ S 0[[\ 'FMVICT/HJ"'S 'Ffovv' ["’] ;"’TU .[__In]

- @& - all portiol b‘.Jectiomg on  [n])
e R = BSOS =IO RN €
( P P L > L
s (PTw - all partiol tromsormations on [n)
e-0. =t PR =R O R [
0\) 2 ( b Sy os b > ¢ ?TG
> For S € {Tu Lo PTol AT R &> ronkd: fomkp

Sie heys T clasrec ol

are  of the form
T{g? fokes;fouqko(:ig

o The 7* clogses oP S form o choin

T5< <jv1 (66{0\13)'



Sy 0% rorm rmonoids

o Parfithin monoid P, - all portitiong o]p {':'-"“Sufl',---,n'j

B

- {%.5,33 iS o Tonsverse] ‘block .

1 2 3 <
W\le/iP“CD\'tiDM 2 3 3 i L 10 2'3 now tron Syersal
S s
S SRR TN £237 trangescal
UL LR G e black

2 3 4 & romk= HF tonsversel
I\X A o
‘W
b (¢ 2f s' q' sl

> Tl/lﬁ j' clases D#\ Oh 'wawl a chain Ja<... < J-h;
where Ji? Ta€Pn: romko =7 3.



Brower wmovoid B, - all partitions whole blooks hove

Size 2
€.g. St q\; t451 - upper
0= J XN\ & BQ non- troSve (s al
Tt = {2 4% Joner
Fonk=-0 = 3% o n - trom sueas |

No-t-e g Tha Pﬁrirld D_I‘ .r_(qe n[/[mbef 070 +VOIVIJU8/§M’

blocks in elements op By, § the same

0s the parity of .
For odd n: the T -clogses of B, are J < Jres

For even n: the j'clm,]jej D-F R, are J;< J, e <J_n

g Tempef/cy'Lieb movioiof TL».
e.9. '2 ........... A A L‘




fj)’ 3 C\U\.SS&S 0‘[‘ the Tdem LS Ol: ’_r"' . Im .?Tn 5 'Pn, Bh

Al setnd D][\ Qewn}ﬂmtnp S iy on iden| 1)][‘ S

l‘{: e B S e P S el M Sy

SisllieTudealc bl T S DAl D e e s s e n sl &

= {aecsS: G (t=msn)

e jbc(as.ses 0{\ T cre Js s < iy

°  The ideals OP B Smmmd ore op the e

e { ® € B, : ronk o= |, 3, - m=2, mJ
The ideals Oﬁ R even) ore 0\0 the 'R)fm

Im;: { o(e Bh: rawko(=°,2:'—-"'“3:""3



SeVY\'lQrowP '-P[CSew'f’a'L'iOmg

C,A'rx/f\+
7 CAFR ST o preten teition for  the femigroup
% -+
e S s s AR

nwheire RY iy the Swallest Congruence o At

flaat:  comFam e R



S(’.Miglrou‘a presentation For o

Propositign (Meoce, 1897)
The presentotion
<ovb [ a2z "= (ba)" = (ab"ab)?
*(ab"™Vapl) s | (2%)sn-2) >

o{eﬁnes Se  in termy D'P genecators  ax (4 2)
and b (1 > .. p)y.



Presentation for Ta
Proposition ( Avzen$tat, 1958)

Suppoge thot <a.LIR> is a (Sem;@rw/;) prefentation

For S,, where a represents (12), b represeats

(12 n).

’T

[et t represent the 'l'rotVlJ#D/Vna‘biom

- [ 5 2 <
(,,3“ ") €T

Then 1tne presentortion

{arb, t | R,

0(6 F?V;es TV,.

at b ab th o b7 bob " akbth " Lo b
= (tbab ) st (L abt) = th " bt = (tb"a)°,
(Thab™ab) = (bab",tn32 >

1]



EA Sp.: Te
AYzenbtot's presentotion for T -

e = Ts (Exrs)
a=(|234 56 :

LISt I e

\/\ (L* mbﬂ?

P
(15 % f&)

L < [ T - PR
(2345-(7:

[T

A aD) [ =
‘t:—(|23456>
|

Jy

e
Relotiovy iw Avzen ot

Preseln fation oe -

R, D .

4
flatatoydmmye CEEEEDE®, Blalsle e ;

(15x31)

3
g

(Tbﬁbn?mb)}’ (bow"2 atm)°.



Presentotion for Ta eSS
Propoﬁﬁ{)n (EIZUT, 2013)

Define waps Kij) (1sicjend by *"(ijzi

if x<i or x=h

f Lsx<n

=

Define an alpsbet F=AUR US, where
i T o e e e S R S R R 2

Let Q be the set of relations

Ak1@in = akl for all i, k,1
ajkaij = Qikdij = aijdi k—1 ifi<j<k
ajjag—11-1 ifi<j<k<l
agajj = aijak,1-1 ifi<k<j<l
aj j+1ax ifi<k<l<j<n;
bjbi =bibji ifl<i<j<n-2
by_1bj =b; forall i;
Sip—1n =an—1,8 =s; forall i
s,»z =day_1 for all i
5iSj =SS ifli —j|>1
SiSjSi =5jSiS; if|i —jl=1;

The  sewigronp Tn\ Su has

presentation <Y | Q >,

(AT)
(A2)
(A3)
(Ad)
(AS)
(BI)
(B2)
SH
(82)
(83)
(84)

%

Kl

6 (lzicn-y) I,U

)
i xs] fPiclsisn-1) by
i J<xen,
& i akiiit,n
PROLR: P+ if xxi
; if x=i+
-6 tf x:n

Srajj =

bis, =

bra; =

An—1,n@ijSy
An—1.nGi—1,jSr
An—1.ndi+1,jSr
An—1.nij
Ap—1.ndijSr
An—1,nGi j—1
Ap—1,nGj,j41
An—1,n4ijSr—1

Sr

Ayt nln—2,n—15:bi
Sr
Ap—1,n@n—2,n—1bj -1
Sr
An—1.n@n—2.n-1bix1
Ap—1,nAn-2,n—15i41

An—1,nAn—2,n—1

An—1n@n—2.—15r-1bi
An—1 n@i—1,j—1br
Sjoa-esi

[

an—1,ndi,j—1br

An—1.n

Ap—1,n@ijby—1
Rhna,n “'] bereg

ifr<i—2andj<n

ifr=i—1land j<n
ifr=i<j—1landj<n
ifr=i=j—1
ifi<r<j—1landj<n
ifi<r=j-1

ifr=j

if j<r

if j=n;
ifr<i—2andi<n-—1
ifr<i—2andi=n-—1
ifi <r;

ifr<i

ifr=i<j—1
ifr=i=j-1
ifi<r<j

ifr=j

if j<r;

(SAI)
(SA2)
(SA3)
(SA4)
(SA5)
(SA6)
(SAT)
(SA8)
(SA9)

(BS1)
(BS2)
(BS3)
(BS4)
(BSS)
(BS6)
(BS7)
(BS8)

(BAI)
(BA2)
(BA3)
(BA4)
(BAS)
(BA6)
(BAT)



Si83
)

£ - a
EOU'[".S pre Sentotion 'ﬁ;r IS'Tb\Sb e i
-\YS (E xSy
» Az L1 = Qs is a (elntion = e
g ¢
in (A1), wheie @ represents i
Ry T :23436), ¥ i 0 S R G g o e e B B B e
e et
4 83 s|= -S| Ss 'S a (elatin
Iz (S5>| where Sy represents =
63‘- 323330 . and S, i pas o [ F | s ] o |Gy
12 43¢ ol el o8] ][22 <
represents 6,= [ 123456\
2) 34 54
» 83034 = Asp QAse  iS O relntion in (SAP), -
where A4 reP/e_ge,,'fS olyq 9 I A ol (17x31)
[FPOEREITGTE
asb rCP(\PSGHfS “tb = 123 4 ge f [
23 4 55 T
hx1)



Pre sen tation For Ih

Propoﬁﬁﬂn (Mcm kin, (993)

let <Quye, Apo | R> be a (Y@M;ﬂmmp) préfentetion

Cor S,., where o represents the tromsposition o= (i i+)

let t represent the povtial bijection

for (..., n-.
"Z-:(l?n‘h—-l M)ez-h'

2 00 he

Then the presentortion

<a'1“‘; DLH—I) t l R 0 -tk:t: —tah-lt E tOln-,fﬁhw:an—/Tﬂ(h-;t,
Tai =ait (12isn2)>

ole 1C?V;es Iv,.



—

MemFin's presentotion fpr Ly

For 1sie 6. a; represents

Ai= (i i+1), t veprespnts
s ( KPR b).
i N
The relations n the presentation are:
® @&

togt = = ol togt,

R e D)

toyt

IR

AR

(20 >‘20)

I

O5xi3)

Ji

(6%4)

=



Presentation for Ia st

Proposition ( East, 2000)
Fo~ (<i<n, deque i lo!j A f
XPi= { R = For |€]sn-2‘
Y-i ff i<%<n
defive S; by 23;= ‘* it %#, b n
IR S
i if ksi

qume and odphm&et LUS UR where

the eléments 'm LS. R ale in ove-one

Correspondence with Ai's . Si's . P

lespectively. Then T, \ Su heu presentation

SLUSUR | (Litay,(Ri-R2Y. (BLI-RL3Y,
(SI-84). (SL1- 8§14, (RS |- RS>

i 1P;
Pity = o = Py

“n

Pjsi =

Al iPiy

n?

5i8;8; = ;58

TS
Anliy
}'n;L/+1
InhiSicy
SiPiPn
Pj-1Pn
Pj+1Pn

Si—1PjPn

. \
SRR e
X+l f{-\ 1€k <n

Mk =dphy  ifl<i<j<n—1
Jidy =0 ifl<i<n
PiPi = PiPjs1 fl<i<j<n-—1
Pubi = i ifl<i<n.

ifl<i<j<n
ifl<i=j<n

ifl<j<i<n

for all i
for all i
if |i—j|>1
if[i—jl=1.

ifl<i<j—1l<n-2
ifl<i=j—1<n-2
ifl<i=j<n-2
ifl<j<i<n-2

ifl<i<j—1<n-2
ifl<i=j—-1<n-2
ifl<i=j<n-2
ifl<j<i<n-—2

i

LD
12
(R1)
(R2)

(RLI-RL3)

(1)
(82)
(83)
(84)

(SL1-SL4)

(RSI-RS4)



. ST Sang g
Eost's  presentotion for Lg- 1(,\ gb ey 475
~|-' & (21-52 (6%6)
» SaNasAsls s o velotion w (SL3), where oo
3 56 F \ KA "f A
5 o0 Sl i
= ('2354—; HX 5 .
el s
= [
i (12356')' I\\\\ e
: : S
Y 45, =S, ()4_ Pn i o relation (QS/)' where (30530
S A N N TR e B
Sra e Sl =
SR RO R e
g ( LErrsdt: ‘) T
' OS5 xi3)
14 P42= Pa (s is o relation in (RI), =
T
(6%4)




Some ather presentations for the travsformation
Sewtlﬂfemps and the Sin@wlmr part
D Gromyvnslnkim, V. Mozorchule . ClasSicel Finite Troausfor motion
Semiguoups (2008) ( pregentortion for Plu)
S Boust, Defimfmﬁ relotions for idempotent generators '
finite partiol trovsformetin Stmigroups (2013) ( PTINSD)

A D R elF e Whyte , Short presentations 'Far tromsFornoio,
monoidS (2024) ( glort  preSentations For Lo )

CJ Bty A Symmetical presentotion fur the Stnguisr port
of the Symuetric Mmverse monoid (2015 ) (GEEED)

Question: How obout a general idea| Lo of Tn. I..PL.°



Relational depth
> Consider o Fimite semigronp S whose T cleties form
a choin. let P= <A RS be a pesentation £ 5.

let weAt, oavd (u=vie R

o

depthh (T) s the wivimal length A 60 o m
Ohovin 0](\ j*clmues J= YR SRS 74 IS
depth (§):= depth (Js)

depth (W) 7 the depth of the element it veprosents S

]

o

GO = depthr () (= depthrin )
de\stln ('P) iS the maximal depth o-P a de#’”"“ﬂ relotion 3, 1P

9

> The relational oepth of S is

S R B e {dep‘l:h (P) PPN o preSeatation *{'or N f



EQ Sb: ]_s
. 'AN —rb —

‘S preSentotion

$tat

AYzen

Reloctiony i Y2 en Yot Je
elon A :
reSehfation ore 1n th
P $O
Sess,

-cla s
top 3 2]
hag depth 3, 7
o t and
D{EPH’I ( )n) < 6

Ht D f‘;

IS’}
_IS (& x
I -
: (15 % ps)
ﬂnsmba‘t)$2
5 2ob)® [
S e T}
. (2%
= :
I“. (15x31)
3
E (hx1)



Relational oepth 0(-\ teonsformation Jemigrovps & ideals

Theorem

let n=3, let SETTa I, PTa3 Define ¢ - { <|7 igzlh,)PTn)
T’Th °

For m € (6., n), let 1., be the ideal 01[] al)  (partial) Mo

in S 0{-\ ok ot moSt m. Then

3 (m=n)
Mg (s 26

+1
» In other words, when m € 2“ amy  presentation for s deol

o 01\ Ta contains deﬁ‘nihg velations of constant maps.

» N+l
IF e g+, Qa PV‘ES.ﬂnfD(tl\OV) ~Fﬂr Iw, Contenng de]eh,,mﬁ

relations oF -tmn_s]cormo\ﬁons 01[‘ mnk 2m-—y,,



Exmmpla= Relotional olep#h o/\ T7 av its deals

the moximal basnimum ronk

(elotional depth of e defining relotion
1 [ I
1, o) ]
Iy 3 )
L 4 /
I 5 /
1 4 =
I, 3 5
I 2 7
Ty - ¥




\/\/hﬂt o«(amnf Dliagmm Semigrow/ar”)



Pre sentation {%r B,

Proposition ( Kudryavtseva, Mazorchuk 2006 )

For 12ien-(, let S; denote the Clﬂmenfmy troms position (;‘.m)es.n/

and let T1; denote the element {i,i+[]U{[l'(’.+DljUU {j'J'S-

. ) VEDLI
12 i-t
Si= (i) - , | l >< ¢
R [EERR Y "
Ti = fiin3 U {y (i+\)‘1 U]}{H’{\S'YK : \ \. ' : \ ‘ € Jna



Pfe ge,,,"l'mbiom -[L\or B”

Propoﬁﬁ{)m ( Klﬂdr}/mv‘h‘eva, Mov‘zomhwk, 2006)

For 127<n-1, let S; denote the elementﬂ}j tromsposition (i.in)€ Sa,
anol et i denote the element {i,ind U Te eyl )3
U-¢i)i+l

Then the presentotion

S ST Cis by n) | S2 e SiSjE S0 (115 Si§8icSSS,

(312005 W m s e mm (s 5 TR s

(1= 75i = 55 ‘“
J[ )) -,T,S|- S;W,': T)—f; ﬁiSj:\S:]’I' (”‘j’sl)j

SITyMi= S, WM Si= W (hijl=1)

de'Fl’VICS B..



Pre sentation {or Bs

v Y c O

[ SRR T e e e 5%~ 3_:;.
"""', lzse.rch:
Ll S i
J “ ] , . ) ‘g 3 T Carx21)
l‘2‘3<}16’-)’
T Te—

» GHREENNEN ¢ ] 15 e
LR T ] G
s el ] i
e oat ’,, Xl,
e iing e e VOt f

r eSSl 635 e ¥ 4 Ji
ey S ey 3 : (toSx10Y)
"'\./.i'["i Bl P 3ts
B



Pre sentation for Bn\ Sn

Propoﬁﬁ{)n (Malfcev, Mazorchuk . 2006 )

For i€ Tue n), and 1), define  6aj = Fengd, 6533, Flk'Susss]

I



Pre sentation for Bn\ Sn

Proposition  ( Maltcev, Myaorchyk . 2006 )

For ij € Tuw, n), and ), define 60 = f{r,j], £33, fk,k'_fg¢f9~}.

Then the pre Sentation

< Oi,)‘ (.‘t_]e {I,N,MI)I biy= Opi ; 6% = 6"'\)\"

Oij G5Oyt = 6iy 6irt G s

Orj Girk Opk = 635 6305 0,5 6, 6:;

AR,
6:J Ot G = ny‘ﬁj,cé

OI‘ . = D 1) i)
,) O[e A Ok, 6IU ("J’ k. L Porirwise d{s{ﬁﬂd‘»

ik J

defines B\ S,



Pre sentation ﬁ;r Bo vy

» GG < D

I’ .2 .3 ?‘ i .6 .} 5)-562”[-65:“‘
G"5I B L B \. RS

Celeleiai el :
Gwl:lzilll:l’—é l‘\:IV//\H‘ Garx21)
| | : =

054—![:—\.'.1 o 2:\,’,4‘3'“'?, 2" 3t gyl 5!
2" gt g gt g 5! | : .53
i 2 I ((ojxloS)
4 61.3 65,6 6;_,5': OZ-L O.‘:b OZ.S e ja 61'565-66:4 i

.......

"""" S — 32 8 S G s ot )]

Osell\\:‘: LA AGEe e e
I=dl I,;!:KH | A~ | :

.......




Relational oepth OF B. and ideals
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